The heavy-light mesons are studied within the framework of Dyson-Schwinger equations of QCD. Inspired by the axial-vector Ward-Takahashi identity resulting from the chiral symmetry, we propose a truncation scheme beyond the ladder approximation without introducing any additional parameter. For the pseudoscalar and vector heavy-light mesons, the obtained mass spectrum has the level of relative errors at 5% compared with experimental data and lattice-QCD results. For the leptonic decay constants, our results are comparable with those from experiments and/or lattice QCD. For some channels, the discrepancies are sizable but significantly smaller than those using the equal spacing rule. The truncation scheme proposed in this work is simple and could be improved and applied to study other open flavor hadrons including both mesons and baryons.
I. INTRODUCTION
In recent decades, many heavy-light mesons are observed in experiments [1] , which has attracted a lot of interest. The study of heavy-light mesons provides a way to understand dynamical chiral symmetry broken (DCSB) [2] [3] [4] -one of the most fascinating features of the quantum-chromo dynamics (QCD). Nevertheless it is still very challenging. The heavy-light mesons are two-body bound states of heavy and light (anti-)quarks, e.g., cd, cū, cs, etc, which are highly flavor unsymmetric. Thus, the successful descriptions require a systematic and selfconsistent understanding of strong interaction in both ultraviolet and infrared regions. Herein, non-perturbative approach of QCD is the key for solving the problem.
Several non-perturbative approaches of QCD have been developed, such as the lattice QCD (lQCD) [5] [6] [7] [8] , the Dyson-Schwinger equations (DSEs) [9] [10] [11] [12] [13] [14] [15] , the functional renormalization group (FRG) [16] [17] [18] , and so on. In this work, the QCD's DSE approach is implemented. Within the DSE framework, mesons are described by the two-body Bethe-Salpeter equation (BSE) [11, [19] [20] [21] [22] [23] . As input, the quark propagator must be solved by the onebody gap equation. The key point is that the one-body and the two-body equations must be constructed in a self-consistent way to preserve QCD's symmetries. For instance, the chiral symmetry is crucial to realize pion's twofold role as quark-antiquark bound state and Nambu-Goldstone boson [21, 22, 24] .
The simplest symmetry-preserving scheme is the so called rainbow-ladder (RL) truncation [9, [25] [26] [27] [28] [29] , which approximates the dressed quark-gluon vertex as the bare one and the quark-antiquark scattering kernel as the onegluon exchange form. Since the bare vertex is flavor-blind * sqin@cqu.edu.cn † yxliu@pku.edu.cn and the one-gluon exchange lacks of spin-orbit repulsion, the RL truncation can work for ground state pseudoscalar and vector mesons with symmetric flavors, e.g., the lightlight mesons [24] [25] [26] 29] and the heavy-heavy mesons [30] [31] [32] [33] [34] .
For heavy-light mesons, a sophisticated improvement of the RL truncation must be developed. Recently, following this direction, some progress has been made [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] . In this work, inspired by the axial-vector Ward Takahashi identity (AV-WTI) [24, 25] , we propose a flavorsensitive Bethe-Salpeter kernel beyond the simplest ladder approximation. This kernel degenerates to the ladder approximation for flavor-symmetric systems, and thus can be considered as a generalization of the latter. Without introducing any new parameter, the mass spectra and leptonic decay constants of heavy-light mesons in pseudoscalar and vector channels can be well reproduced, selfconsistently and systematically.
The article is organized as follows: In Sec. II, we describe the DSE approach and the setups. In Sec. III, we fit the parameters with the light-light and heavyheavy systems first, and then present results of heavylight mesons. The comparisons with the experimental data and results of lattice QCD are also included. Section IV provides a summary and perspective.
II. THEORETICAL FRAMEWORK

A. The Gap Equation
The quark gap equation reads [9] 
with the self energy
where Z 1 , Z 2 , and Z m are the vertex, quark wavefunction, and mass renormalization constants, respectively; m is the renormalized current quark mass; λ a are the color matrices;
Λ q represents a Poincáre invariant regularization of the four-dimensional integral, with Λ the ultraviolet regularization mass scale; Γ ν and D µν are the dressed quark-gluon vertex and the dressed gluon propagator, respectively.
The solution of the gap equation, i.e., the dressed quark propagator, can be decomposed as
with the momentum subtraction renormalization condition
where ζ is the renormalization point and m ζ the renormalized current-quark mass. The dressed quark mass function reads then
which is independent of the renormalization point ζ.
Note that m ζ is the mass function evaluated at the renormalization point m ζ = M (ζ 2 ). To solve the gap equation, the dressed quark-gluon vertex and the dressed gluon propagator must be specified. The rainbow part of the RL approximation can be expressed as (k = p − q)
where D free µν (k) = (δ µν − kµkν k 2 ) 1 k 2 is the Landau-gauge free gluon propagator. The interaction model G(k 2 ) is written as
whereα pQCD (k 2 ) is a bounded and monotonically decreasing regular continuation of the perturbative QCD running coupling to all values of spacelike-k 2 ; and G IR (k 2 ) is an ansatz for the interaction at infrared region and dominates in the region |k| < Λ QCD . The form of G IR (k 2 ) determines whether the DCSB and/or confinement can be realized. With the Qin-Chang (QC) model [45] , the interaction is expressed as (s = k 2 )
where F (s) = (1 − e −s/4m 2 t )/s with m t = 0.5 GeV; γ m = 12/(33 − N f ) is the dimension anomaly with the flavor number N f ; τ = e 2 − 1 is a constant. Following Ref. [46] , we take N f = 5 and Λ QCD = 0.36 GeV.
The pointwise behavior of Eq. (9) can also be parameterized as [47, 48] 
where m g (k 2 ) is the gluon mass and M g is the mass scale. The interaction achieves its maximum value at the deep infrared k 2 = 0. The running behavior and the gluon mass scale are consistent with the modern DSE and lattice-QCD results [50] [51] [52] [53] [54] . Many studies (e.g., Refs. [23, 29, 34, 46, [55] [56] [57] [58] ) have shown that the above mentioned interaction model is quite successful. The parameters D and ω control the strength and the width of the interaction, respectively. In fact, observable properties of light-quark ground-state vector-and isospin-nonzero pseudoscalar mesons are insensitive to variations of ω ∈ [0.4, 0.6] GeV, as long as
Since the interaction model absorbs the dressing effects of the quark-gluon vertex and the gluon propagator, for light quark systems, it has much larger strength compared with that of the realistic gauge-sector interaction at infrared momenta [45] and the one determined by solving the coulped equations of the quark propagator and the quark-gluon interaction vertex [49] . However, straightforward analysis shows that corrections to the RL truncation almost vanish in the heavy-quark limit [27] ; hence, the aforementioned agreement entails that the RL truncation should provide a reasonable approximation for the systems involving only heavy quarks so long as one employs a smaller strength. This will be discussed in detail in Sec. III.
B. The Bethe-Salpeter Equation
In terms of Green functions, properties of mesons are encoded in the quark-antiquark scattering matrices. The corresponding bound-state equation for mesons is the homogenous Bethe-Salpeter equation, which reads
where P 2 = −M 2 with the meson mass M ; q + = q + αP and q − = q − (1 − α)P with the momentum fraction α ∈ [0, 1]; f and g denote the quark and antiquark flavors; Γ(k, P ) is the Bethe-Salpeter amplitude (BSA); K(k, q; P ) is the quark-antiquark scattering kernel. The dressed quark propagators are fed with the solution of the gap equation.
According to the J P quantum numbers, the BSA of the pseudoscalar (J P = 0 − ) and vector (J P = 1 − ) mesons can be expanded with a set of basis [59] :
The pseudoscalar basis is written as [34] 
The vector basis reads [34]
where l T µ = P µν l ν with P µν = δ µν − PµPν P 2 as the transverse projector on the meson momentum P .
The P and C transformation for the BSA are defined as follows,
withk = (k 4 , − k),P = γ 4 , andĈ = γ 2 γ 4 . The basis are chosen to have specific P -and C-parity. The coefficient functions F i (k 2 , z k ; P 2 ) can be expanded in terms of the Chebyshev polynomials
To normalize the BSA, we apply the Nakanish normalization condition [60, 61] ∂ ln(λ)
whereΓ(k; −P ) is the charge conjugation of Γ(k; −P ) as defined in Eq. (18) . With the normalized BSAs, the leptonic decay constants of pseudoscalar and vector mesons are defined as
C. The Scattering Kernel
Now the scattering kernel is the only unknown piece of the whole puzzle. To construct it, we recall the axial-vector Ward-Takahashi identity (AV-WTI) [24, 25] derived from the QCD chiral transformation, which reads
where Γ f g 5µ (k; P ) and Γ f g 5 (k; P ) are the axial-vector and pseudoscalar vertex, respectively, with two quark flavors denoted by f and g. Note that the identity is modelindependent and scheme-independent.
In the chiral limit, the current mass term vanishes. Inserting the Lorentz structure of the pion BSA, i.e.,
into the AV-WTI in Eq. (23), we can obtain
where B(k 2 ) is the scalar function defined in Eq. (4). It is apparent that the two-body problem is related to the one-body one and reveals that the pion can exist if and only if the chiral symmetry is dynamically broken.
The kernel with the one-gluon exchange form, which is called the "ladder" approximation [9, 21, 22] , can be expressed as (l = k − q)
where t, u, r, s denote the Dirac and color indices. With the RL approximation, i.e., Eqs. (7) and (26), the solved quark propagator and vertices satisfy the identity in Eq. (23) . In other words, the RL approximation is a symmetry-preserving truncation scheme.
In order to construct a kernel beyond the ladder approximation, we first insert the gap equation and the inhomogeneous BSE into the AV-WTI, and then obtain
where the rainbow approximation has been used and all indices are suppressed for simplicity. Since the quark propagators with different flavors may have different effective interaction strengths, we use D f µν and D g µν for clarity.
Inspired by Eq. (27), we propose the BSE kernel as (the color matrices are suppressed)
with The kernel can be illustrated by the Feynmann diagram as shown in Fig. 1 . If the two quarks have the same flavor, i.e., D f = D g , then the kernel degenerates into Eq. (26) and thus can be considered as a parameter-free generalization of the ladder approximation. Straightforward analysis suggests that the kernel actually expresses an average of the effective interactions of the two flavors. For example, in the ultraviolet limit, i.e., q → ∞, we obtain
which is obviously a simple average of D f and D g . As another example, in the infrared limit, i.e., q → 0, we have the kernel for P ∼ 0 as
which is also an average of D f and D g but weighted by the corresponding quark dressing functions.
III. RESULTS AND DISCUSSIONS
A. Light Quark Mesons
Following Ref. [46] , for the mesons consisted of light quarks u, d, s, we take the interaction parameters as ω q = 0.5 GeV, ς q = 0.8 GeV.
In the isospin symmetric limit: m u = m d , fitting with the underlined data in Table I , we take
with which the masses and leptonic decay constants of light mesons are computed and listed in Tables I and II 
defined as M E q = {k|M q (k 2 ) = k}, where M q (k 2 ) is the quark mass function. 
B. Heavy Quark Mesons
For the heavy quark mesons, we follow the guide aforementioned and take the interaction parameters as
which shape a much weaker effective interaction compared with that for the light quark mesons.
With the heavy quark current masses (fitted with the underlined data in Table I 
we obtain the masses and leptonic decay constants of of heavy quark mesons which are listed in Tables I and  II 
C. Heavy-light Mesons
With the parameters fixed in previous subsections, we can directly compute the properties of heavy-light mesons since the kernel beyond the ladder approximation, i.e., Eq. (28), does not introduce any new parameters. In this work, we mainly focus on the mass spectrum and the leptonic decay constants.
Mass Spectra
We first compute the masses of the pseudoscalar and vector mesons. The comparisons with experimental data and lattice-QCD results are plotted in Fig. 2 and Fig. 3 . Table I . Table II .
The concrete data are summarized in Table I and Table II . Among them, π, K, η c , η b are taken as the calibration to determine the parameters. Except the heavylight mesons, i.e., D, D ± s , B and B ± s , the kernels used for others are actually the ladder approximation because the interactions of the two flavors are the same in Eq. (28) .
Following Ref. [46] , we also include the results using the equal spacing rule (ESR). The key of the ESR is to define a constituent-quark passive-mass via
where m X ff denotes the mass of the f -flavor-symmetric 
and VC :
where PS, VC stands for the pseudo-scalar, vector mesons, respectively. Then, the masses of flavorunsymmetric mesons can be obtained by a straightforward interpolation as
It is found that the masses of all pseudoscalar and vector mesons can be well reproduced with the BSE beyond the ladder approximation. The relative errors between the results herein and the experimental data are at the level of 5%. For the B * c meson, as the lack of the experimental result, we compare the result herein with the lattice-QCD and obtain the relative error only 4%. On the other hand, the masses obtained with the ESR are comparable with the experimental data and the lattice-QCD, and the corresponding errors are just slightly larger than those with the BSE. Thus, the ESR can be an approximation for meson mass spectra.
As mentioned above, the kernel, i.e., Eq. (28), actually expresses the averaging interaction of the light and heavy quarks. To demonstrate how the average works, we can define the effective arithmetic average as
where η ∈ [0, 1] is the weight parameter. For η = 1, the kernel is the same as the one for flavor-symmetric light quarks. In this case, the interaction strength of the kernel is quite large and the binding between the light and heavy quarks are too strong, accordingly. The resulting meson mass is smaller than the experimental data. On the other hand, for η = 0, the kernel is the same as the one for flavor-symmetric heavy quarks. In this case, the interaction strength of the kernel is rather small and the binding between the light and heavy quarks are too weak, accordingly. The resulting meson mass is heavier than the experimental data. Now we can take D meson as an example to analyze the mass with the running of the weight parameter. The result is shown in Fig. 4 . It is found that the weight parameter η * corresponding to the experimental mass indeed lies between the two limits, i.e., 0 < η * < 1. Thus, the kernel beyond the ladder approximation, i.e., Eq. (28), which produces the experimental mass, has the interaction strength equivalent to that weighted by η * . However, Eq. (28) is inspired by the AV-WTI and has no additional parameters. In other words, it expresses an implicit and automatic average. Moreover, the wellproduced full mass spectra suggest that this kind of average is generally appropriate.
Leptonic Decay Constants
We then compute the leptonic decay constants of the pseudoscalar and the vector mesons. The obtained results are presented in Table III, Table IV , respectively. The comparisons with experimental data and lattice-QCD results are plotted in Fig. 5 and Fig. 6 . Following Ref. [46] , we also include the leptonic decay constants using the ESR, which is defined as
The first observation is that the leptonic decay constants are not as stable as the masses and the discrepancies from different sources become sizable for some mesons. For the pseudoscalar mesons of light, strange, For vector mesons, the situation is analogous and the differences between the BSE/ESR and lattice-QCD results are generally similar to those for pseudoscalar mesons. However, for the flavor-unsymmetric vector mesons, i.e., D * and B * , the differences are significant. Note that f Υ obtained by the BSE/ESR is larger than that by lattice-QCD just as f η b . This is also a signature for that the interaction strength of the BSE/ESR is stronger than that of lattice QCD. If decreasing the interaction strength for the bottom sector as aforementioned, f Υ decreases, and so does f B * . However, the differences between the BSE/ESR and lattice-QCD results cannot be removed completely and remain noticeable. The reason is that the kernel in Eq. (28) only considers the AV-WTI which does not constrain the vector channel directly. Therefore, incorporating the axial-vector and vector WTIs to develop a universal BSE kernel for all channels could be the solution. [67] ; f J/Ψ -Ref. [68] ; fΥ -Ref. [74] ; fB * c -Ref. [75] ; fD * , f D ± * s , fB * , f B ± * s -Ref. [69] . The experimental data are from Ref. [1, 26] Table III .
IV. SUMMARY
In summary, the heavy-light mesons in pseudoscalar and vector channels are investigated within the Dyson-Schwinger equation framework. The rainbow-ladder truncation is modified under the consideration of the symmetries of QCD. It combines the effects of the light and heavy sectors. Moreover, the modified kernel involves no new parameter and can degenerate into the RL truncation for flavor-symmetric heavy-heavy or lightlight mesons.
With the kernel beyond the ladder approximation, the calculated masses of the heavy-light mesons in pseudoscalar and vector channels agree with the experimental data at the level of 5%. The masses obtained with the ESR are comparable with the experimental data and the lattice-QCD results while the corresponding errors are Table IV. slightly larger than those with the BSE. From our analysis, the modified kernel expresses an implicit and automatic average with no additional averaging parameter. These facts shows that the modified kernel is appropriate to describe the mass spectrum of the ground states mesons.
For the leptonic decay constants, our calculated results are not as stable as those for the masses. For the pseudoscalar mesons of light, strange and charm flavors, our theoretical methods produce similar values that are comparable with the experimental data. While for the bottom-flavored mesons, both the ESR and the BSE produce larger values than the lattice-QCD. The reason is that the interaction strength for the bottom sector is too strong since it is the same as that for the charm sector. For vector mesons, the differences between the BSE/ESR and lattice-QCD results are generally analogous but larger than those for pseudoscalar mesons. Besides the interaction strength, the missing constraint from the vector Ward-Takahashi identity is a factor to explain the larger differences.
From the discussion above, we can infer that the kernel beyond the ladder approximation is a promising tool to depict the quark-antiquark interactions. The mass spectra and the leptonic decay constants of the light-light, heavy-heavy and heavy-light mesons in the pseudoscalar and vector channels can be well described, systematically. The modified kernel can be further improved by incorporating the axial-vector and vector Ward-Takahashi identities together and used to study meson and baryon properties. The related work is under progress.
